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ON INTERVAL ESTIMATION AND SIMULTANEOUS

CEUECTION OF ORDERFD LOCATION OR SCALE PARAMETERS

By M. Haseeb Rizvi end K. M. lal Saxena
Stanford University and University of Nebréska

1. Introductlion and Formulation of the Problem .

Procedures for selection of a certain number of populations with
larger perameters from a collection of seversl populations have bheen
studied extensively in the past two decades; see, for exampie, Barr
and Rizvi [1] for a simple expositior.. Recently Saxena and Tong (2]
and Saxena [3] have considered confidence intervels for the largest
jarameter. The present paper attempts to combine these two require-
m:nte simultaneously in a single formulation. The problem of interest
R is to construct a confidence interval for a certain ordered paremeter
and simultaneoucsly select all populations having parameters equal or
larger than this ordered parameter, with a preassigned minimal proba-
bility whenever parameters lie in a specified subspace. A procedure
K 1s rroposed to solve this problemyand its performance in terms of
% probabllity requirement being satist'led 1s evalusted.

Consider k(> 1, populations ﬂi(1=l,...,k) with sbsolutely con-
tinuous distribution function (df) F(.; 91) of Y, on the real line

with real parameter o, and let f(.; 91) be the corresponding

i

density. Iet 9[1] < 0[2] < .00 & e[k] denote the ordered values of
]

i
1



the components of ¢ - (Ul,v‘, .,,Uk)rp o Por 1 <t <k, we regnive

a procedure R that gelects all . with ”1 = ”lk-L4J] S (aay)

and simultesneously givee en interval I such that ¢¢1. Denote by
CS the (correct) selection of all o with u[j',J~k—L+J,...,k and
by CD (eorrect decislon) the inclusion of o In T aud let I(Q)

denote Pr{cCS /\CDIR] . Then the procedure R, for some preassigned

constant ¥y, l/(f) <y <1, 1s more specifically regquired to satisly

(1.1) inf F(g‘) Y

£ (¥)
5 : ) 6] ) incl
where Q(¥) - (8 ! Orgt) S¥(@ g psyp)) and ¥ 18 & given funclion

on the real 1li.e such that V¥(x) < x .

2. Main Results on F(Jd) for Proposed R,

Yroposed Procedu::r R.

Rark Y,,Y,,...,Y,, Vreeking ties {1f any) with suiteble rendom-

‘zation, and let Y[ij be the lth smallest Yi . Comnslder two

suitab’y chosen continuous increassing functions h and h (with

1 e

inverses 85 and ?1 respectively)., Construct the random interval

. (Y . n 8z ] o hat
I, (hl(y[k~t'1]) , 12(YLk-t+1})) Then sssert that 6¢ 1, and that

the nJ's corres, anding to Y[J](J;k—t+l,,,.,k) have parameters

8, >6 .

J
We shall presently investigate the infirum of TI'(g) over a(¥)
for the above R and later determine conditions so that R satisfies

(1.1). We have
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k for ket ok
(2.1) o) ¥ [ T rly; o0 T ey, 00 00
J=k-t+1 Zg () r-1 ;
)
s

dF(y; Q[JJ)
An obvious proposition follows.

Proposition 1.
A gufficient conditiorn that P(Q) te a nonincreasing function of
o ! ' n- = v e e . ! -
9[1]"""Q[k-t] i8 that the df's F(., i), i 1, ,k be stochas

tically ordered.

Location Parameter Case,
Let F(y, 91) = F(y- 5)1), W(Q) - A-B, 81(9) = N-8, Ke(”) = b,
where & >0 und a and b with a+b > 0 are given constants;

(y) will now be denoted by (&) . C(learly, (2.1) implies

Propogition 2.

For t =1,

b
(2.2) inf P(39) [ L (vis)ar(y)
n(s) -a




Theorem 1.

Suppose f(y-“i) hes & monotone lLikelihood ratio (m.l.r.) in
y for ‘3 and constants & and b are chosen such that &4b - C
and

(2.3) F(-a) +F(b) > 1 .
Then, for 1 <t <k,

b
(2.4)  inr P(2) = P(n) - ff P o) 1-F(y) 1Y Lar(y),
0(8) ° -a

vhere 3 has first (k-t) componente equal to (A-8) and the last
t components equual to A, ¢ being any arbitrery value of
Olk-t41] *

Proof.
Since f(y, 01) has an m.1.r., Proposition 1 implies that P(Q) ‘

is minimized over Ql by setting A

A ‘) . e L
nl is the subset of (s) for which !lk-t+l]’ ,”lk}

fixed. TLebting 0-2.,4 :5J(5 0), J=k-t+2,....k, we obtain from

a T e sr N
Ll ] n[k-t ] E‘; wvhere

are held

(2.1) after some simplification,




. . k- o
e inf P(o) Y O IP AL SR T 1 o
i) Dbt !
PO ey T -7 o]

3 k-t

. R L3
{K-1) F fyiil-ply-r ¥4y i
kg J k-t+2

[J-F(y~b*bj)1dr(y,

= H.IQ), say.

where © - (hk-t+”""’&k) . Since H(Q} is a symmetric function of

its arguments, minimization of H(H) over [i: ¢ P

iv equivalent to its minimization over . - {2 fotan S0

For some j, fix .7, and ccusider

Oyotip? 8y By k

{J/OEJ)H(Q) . Observe that the m.1.r condition implies *hat
f(b]-a)/f( b‘fb) ang f'(y‘r6‘J -B)/ £ t\i*'b,‘- yre 1ncreasing functiens of
bj, for all y. (%-a, vtb) . Arguing in 8 similar manner as in

Suxena [5], we conclude that (O/hbj)H(g) has at mcst one change ¢f s i

from positive to negative and consequently inf H'J) s ewther at

o,

bj =0 or at bj - - This con:lusion is valid for every other

Theretore infinum of H(Q} over sb is achieved when a certain numeer r

~f




vhere

that

are cero and the pest oaqunt P00 - e depnte PHi- detimom T

. Then (2.5) nfteyr interretion by pmrls gives

b
a(r) (r")f W () () 1Tar(y)
-8

re(0,1,....t-1} . Now it to!lows from the Jemma given below

G(t-1) < 7(r) for ali 1 = 0,1,...,1-1 . Conscquently,

inf F(g) - inf H(%) =~ G(t-1),
p(e) 5,

which proves the theorem.

Lemma .

A sufficient condition for G(r), given by (2.6), to be nonin-

creasing in r ig that & and b are such that P(-a)+i(0) > 1.

iroof .

(:.8)

Consider the following density function

hy; 1) = [C(x)) T ) 1-F(y)1TE(y),-a < y < b, where

¢lr) = -F(-a)1™ () 7L

With Er denot.ing: the expectation with respect to (2.8), v can write
(2.0) as
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| : . . et
A Lo lud tir) o 7-)]-:,.;;-' (Yr=)) .
) sinee hly: rp/hty; ) is wa ineveasinog Pfuuction of y for r i
o
. \ RPN S A I 2
(2.1l BETTT Y e) ) ok (F T(yee)]
S Therefore, Gir) -~ G(s) if Clr) > C(s) which ls implied by the
condition uf the lemma.
. Scale Parameter {ase
I
3 ) , . . N \
Let  Fly; vy) - ¥/ iy Oy - Gpvie) = 06,g,(0) = o/arg, (0 /L,
wilere  o,a,b  are given constants such that 0 <0 p <1, <b <y iy,

will now bt denoted by (o) . We now statc the following results,

the prouls tor which are readily constructed along the lines of the

RN

ones given for the location parameter case.

s

Propusition 7.

For t - 1,

PIEN

Ao s Mo
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Theorem 2.

Suppose f(y/ui) has an m.l.r. in y for 9i and constants a

and b are chosen such thsat

e o

(2.13) ¥(1/a) v F(1/b) >1 .

Then, for 1 < t -k,

1/b
(2.14)  inf D(p)  P(0)) - t[ P y/e 1 - Ry ) heEy)
0 0) 1l/a

e s e

where Qo now has first {k - t) components equal to p@ and the

last t components equal to 6, 8 being any arbitrary value of elk-t'il

5. Some Other Formulations as Special Cases .

A noteworthy feature of the present formulation is that the
Pr{cs/\CDjR] is minimized et ¢ , defined after (2.L) in the locaticn
parameter case and after {2.14) in the scale parameter case. This (58 ‘ '
is also the "least favorable coafiguration' for the indifference zone

formuwlaticn of the ranking problem (ser (1)) as well as for the confidence |

interval formulation (see (2] and [3]). Thus the present work iﬁcludes %
the ranking formulation as a special case; with a =b = ® in the loca- ;
tion parameter case and a = », b = Q0 1n the scale parameter cas:, ;3
er(cSNCDIR) equals Pr{CS|R} and (2.2) and (2.L4) reduce to (7) of (1]
and (2.12) and {2.14) to (10) of |1].

The present formulation aiso includes the confidence interval formu-

lation for the largest or the smallest parameter as e specisl case. For

t =k wehave 0 =« 6, (E)=n and Pr{csNcD|R) equals Pr(CD|R)

(1

8




Thas for the smallest location parameter ‘- 4) vields

-k .k
(2.0 fnf pio) (1= F(-a) - (L - Kb 0%,

i

provided  ©-a) oo FOWY -0 L Tebiing Y{ . -VI and 0 - —Gi(i .

w2 uvbtaln for tte targest location parauneter,

and, therefore in view of (3.1},

(5.3) inf B(g) = F(b) - F(-a) ,

§4

provided F(-a) + F(b) <1 . Note that with a =b - d and F = Gn,
(%2.3) reducer to (4) of [¢]). Similar discusslon holds for the scale

parsmeter case and the related result of [31.

4. Applications.

Consider k populations y with real parameters 61, 1 =1,...,k
Conslderations of invariance under the permutation of the indices of
the k populutions suggest taking random samples of a common size n

from each population. Let Yi be a function of the sufficlent statistic

(when it exists) for 6 and let its df bte Fﬂ(.; ei); this df pleys
i

m——

= ol S




the role of ¥(.: “i) of the above discussion. In order that the nooe-

T R LT

cedure R of Section 2 satisfy (1.1;, Lthe smallest n  should be detirma.w

such that (.0 or (2.4) ((».12) or (2.14)) 1c at least as large as the

preassigned constant 7y . Such a solution exlsts if Yi's are consisten: .

As an illustration let o be N(e,, 1), i 1,...,k . Then Y, '¢

1 1

sample means based on random samples each of size n and Fn(y,ﬂ
o nl/

gives

)
8(y - 01)) where &(.) 1s the staniard norma) d4df. Now (2.4)

‘bnl/z k-t 1/
(4.1) dinf P(9) =t t (y + n7 R - oy

a(8) —an/?

]t -ld®( y)

where b > a . The right side of (4.1) tends to unity for b > a >0,

go that there is a unique n satisfying (1.1) .

9. Concluding Remarks.

i It should be noted that if & = 0O (v = 1) then the integral (2.4)
(integral (2.14)) can be evaluated with the help of the incomplete beta

functior tales and the tables of the df F; 1in addition if & = b = =
H k
4 (8 =, b =0), inf P(g) = 1/().
0

In this formulation of ‘nterval estimation and simultaneous selec-

I

tion, the upper confidence bound for car be obtained by taking

Olk-t+1)
b = o(b = 0) and some finite a, satisfying conditions of Theorem 1
(Theorem 2). However, the conditlions of Theorem 1 (Theorem 2) do not
permit the construction of the lower confidence bound for 9[k-t+1]
except 'n the trivial casc & =, !' = x (& =®, b = 0)

S AT W RN b
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